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PURPOSE

The purpose of the project is to increase understanding of the roles of
cloud conversion, accretion, evaporation, and entrainment processes in shaping
the distributions of water vapor, cloud, and precipitation associated with tropical

circulations.

o ABSTRACT

A system of oonservation equations embodying conversion of cloud to

'precipitation and cloud collection by precipitation are examined. The steady

vprecipltation rate at the ba.se of a-model updra.ft column is shown to be a

maximum when cloud conversion-and collection are complete above the level

’ of nondivergence and zero below that level. The decrease of’ saturation vapor

density with height. oharacteristic of the atmosphere, imp{es that for any

cloud-water content, there is a level (compensation lev 1) above which the

cloud density decreases with ascending motion, and co wersely. For a
i

" particular cholce of the magnitude of cloud colleotion, the precipitation rate

at the ground and its time of onset is rather 1nsensitﬂ<e to the rate of cloud
conversion. The efficlency of precipitation production\ at the earth's surface
by transient disturbances in a saturated model atmosphere decreases with

increasing speed of the updraft. Paths for further study of the role of cloud

conversion and cloud collection processes for-the initiation of precipitation

are indicated. The difference between the horizonta-l speed of raindrops and

the horizontal wind speed is almost always less than 1% of representative

horizontal winds.




PUBLICATIONS, LECTURES, REPORTS, AND CONFERENCES

A paper entitled '"Relationships Between Tropical Precipitation and
Kinematic Cloud Models' was submitted to and accepted by the Program
Committee for the 43rd Annual Meeting of the Americ!an‘Meteofolpgical
Soé‘i,ety (New York City). This paper is scheduled for presentation on
January 21, 1963, ' | R ) .

On September 4, Drs. Kessler and Newbur"g’ and Mr. Feteris visited the
U.S. Army Electronics Research and Development Laboratory and 'diséusagd

various matters pertaining to the work in progress and future plans.
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1.0 vFA‘CTUAL DATA
1.1 A Model of the Bulk Effects of recipitation-Cloud Interactions

The derivation of continuity equations for cloud and precipitation and
exposition of methods for solving them are outlined in Sections 1.4ff of the
first report of this contract, and background details are in the literature

[7, 8,9]. Tn their general forms, the equations considered are

BM __ aM_ M __8M _ @ Blng
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+ cloud conversion + eloud collection - evaporation

and ‘ . . :
ém _ _ 8m _ 8m o 8m . o olnp
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] - eloud conversion - cloud collection + evaporation.
Equations (1) and (2) mcorporate the following continuity equation for air
'?.E+5_V+_W+wﬂl.19_=o. . ) . ” (3)

X. 8y Oz - oz _
In Eq. (1)y M (always 2 0) is the density of precipitation in grams per cubic
meter and refers to that portion of the condensate which has an appreciable fall

speed relative to the air. M is assumed to be distributed over an exponential

“population -(M&rshall-Palmer distribution [12]) of particle sizes. V < 0 is the

terminal fall speed -0f the precipitation particle whose diameter D divides the
exponential distribution into parts of equal water content. The components of

air motion in the x- and y- (horizonta.l) and z- (vertical) directions are given by

U, v, andw respectively, p is the density of air; and t is time.

In Eq. 2), mis the cloud density plus the vapor density minus the satura-
tion vapor denaity, and may be positive, negative, or zqro. When m is positive.
it represents the density of cloud, defined as condensate whose terminal fall

speed is zero. When m is negative, it represents the amount by which the actual

,vapor denaity 1s less than saturation. G, a function of height, 18 called the

ge‘nex"_ating function: G =~ p (dQS/dz); where QS is the gaturation mixing ratio




term B(Mv)/az in Eq. (1) measures the vertical divergence of the mass flux of

of water vapor in air. The cloud-conversion, cloud-aceretion, and evaporation
terms are discussed in Report No. 1; they define, respectively, the spontaneous
conversion of cloud to precipitation, the collection of cloud particles by precip-
itation, and the evaporation of precipitation. Because the model reqmres 1mmedmte
evaporation of cloud in subsaturated air, evaporation of precipitatwn does not
occur at the same time and place as cloud conversion and accrétion.

Equations (1) and (2) relate local time changes of pf‘ecipitation, "cloud, and
vapor, to transport, generation, and exchange pfocesees. The first thfee lerms

on the right of both equations mea. sur effects of advection by the wind. The

precipitaticn. ‘This term does not appear in Eq. (2) because V = 0 for cloud.

The terms in w{(1lnp)/9z] account for the compressibility of a horizcntally ’
uniform atmosphere.* Fquations (1) and (2) can be solved for time- dependent
fields of precipitation, cloud, and vapor when initial and boundary cond1t1ons with

the wind field, the generating function, and the cloud physics terms are specified

1.2 Ideallzed Steady-state Precipitation Rates from a Saturated Horlzontally
Uniform Updraft Column :

At a shower core or near the ce'nter of a widespread precipitatipn area,
the horizontal advection terms in Eqa. ‘(1)' and (2) vanish and the sum of.the

equations is

A

QM) _ _, OMtm) aMV+wG+(m+M)-——BIn. @
- ot 9z 3z
Consider the vertieal integral of Eq. (4) in the steady case:
\;{" ” ( ) B H ln
Y0 = f : d4 - f Zz MV dz +f wG dz + f (m+M)w dz. (6)

b ’ 0.

*When M m, and G are in mixing ratio units, Egs. (1) and (2) are'the same

-except that Mw[(&lnp)/az] in Eq. (1) becomes ~-MV[(8Inp)/02], mw[(alnp)/az]

is completely dropped from Eq. (2), and G -dQ /dz.

[PREEN il e —y—



The limits of integration are from the base, z = 0, to the top, z = H, of the
updraft column. The second integral on the right is(MV)Z=H - (MV)Z___O; since
M = 0 at the top of the updraft column, this is just the precipitation rate R at

0
the base of the updrait. R, can be taken as the precipitation rate at the ground

. o
without loss of generality. The third integral on the right is the condensation
rate in a vertical column of unif cross section. ! ' ’

The first integral is studied by integration by parts. Note that

o (meM) 9 ' Ow
- W ;TM =-a“z—[w (m+_M)]+(m+M.)_5'\g' ¥ ’ )

The integral fromz =0 ‘to z = H of the first terzn on the right of Eq. (8)
vanishes because w is zero at the base and at the top of the updraft column., The
divergence of the vertical wind in the second term on the right can be replaced
‘by its’ equivalent in the equation of continuity for air, Eq. (3) Substitution from “
Eq, (3) into Eqs (6) and (5), with the other Bimplifications noted ahove, gives .

..waGdz-' ; (m4M)(§}‘;‘.»'r-z3—V)dz. T m

Equation (7) is a reminder that the horizontal divergence of the wind is
implioit even in the one-dimensional forms of Egs. (1) and (2) The last term
in Eq. (7) may be positiVe, negative, or zero, and is largely dependent on the
.magnitude and distribution of the ratio of precipitation fall speedto the updraft:
Becauee horizontal convergence characterizes the lower part of an updraft "
column, and horizontal divergence the upper part, prec'ipitati'o‘n rates in excess
of the condensation rate are favored by relatively largé values of m and M below"
' the level of no horizontal divergence Equat1on (7) is the same whether the atmos-
phere is assumed to be oompressible or incompressible However, as shown else~-
where for the cloud-free model {7, Fig. 1] and for_m in Sect;on 1.3 of this report,

the vertical distributions of M and m vary somewhat with the considerations of
h ,

compressibility, and so must the effect of the diverg‘ence term in Eq. (7).




It is possible to treat certain simple distributions‘ot-cloud and precipita—

- tion by exact methods paralleling those described in the references. These

cases are interesting as limiting forms associated with limiting values of the

precipitation rate. They indicate how extreme modification of cioud-precipita—
tion interactions could affect the spatial distributions of cloud and precipitation .

and the areal distribution of the precipitation rate at the ground

Cage 1. The cloud conversion term is identically-- zero. When the cloud

conversion term is identically zero, M is zero tnroughout'the depth of
‘the updraft column, and, therefore, 80 must be ﬂtlie precipitation rate at the
ground. In this case, manipulations like those uged'to derive Eq. (7)
readily show that the terms oh'the right of Eq. (7)" are equal and opposite in

. 'sign. In this case, condensate existing in the updraft column is removed

by divergence aloft as rapidlv ag it is formed The cloud either evaporates '

. elsewhere in downdrafts or, a.fter changing to precipitation, falls toward
: the ground at some place removed from the updraft core. The steady
vertical distribution of cloud‘ in-an incompressible atmosphere is given
by © L S
PR m(z) = fz Gdz. o o ” "8y

. Figure 1, top, shows the" steady vertical distribution of cloud for case'l

for constant and linear distributions of G in an incompressible atmos-
 pheré. As Eq.'(8) shows, the cioud distributions are:independent of the-
updraft distribution '

Case 2. The cloud conversion term is zero above-the level of nondivergence

) below this level cloud. conversion and collection bv precipitation proceed 80

rapidlg that no_cloud coexists with precipitation In this case. the premp-

itation content is zero at the level of nondivergence and increases in the

downWard direction from there to the ground Above -the level of non~-

" divergence, a2}l condensation remains as cloud and is borne_ away by

i
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horizontal divergence. The distribution of cloud above the level of

‘ ﬁondivergence is given by an equation like (8). The distribution of

precipitatidn below the level of nondivergence is given by

wG
w +'V

M(z) = [”
H/2

Case 2 distributions of cloud and precipitation are shown in Fig. 1,

“‘center, for two ratios of prempitation fall speed to maximum updra.fts

and for two distributions. of G in an incompressible atmosphere. The
disti'i-butions of M aré based on updrafts w = [(4 w'max)/ (H)](z - zz/H)

in this and following cases.

Case 3. The cloud conversion and collection terms are o large that

all condensate appears immediately as @ecijitatipn of fal_I speed V.

This is the cloudless.case dfscussed in the references. For constant V,
the steady surface precipitation rate at updra.ft cores always exceeds

the vertically integrated condensation rate in a vertical column As

" the ratio of precipitation fall speeds to updrafts _dec-]ines toward unity,

“the core precipitetiOn rate increases atf the expense of the rates away

from the core. On the other hand, when fall speeds are much larger

than maximum updrafts, the core précipitation rate is only slightly
’ 1] i N . .

o

) ) lsrger than the vertically ‘integ"reted ”condens‘at’ion. Distributions” of

: precipitation in this case are shown 1n Fig. 1, bottom, for two ratios

“of precipitation fall speed to, maximum updrafts and for two distribu-

tions of G in an incompressible atmosphere

Cases 4 and 5. Above the level of dondiyergence, cloud conversion and

collecttpn proceed so rapidly that cloud is nonexistent; below the level

-of nondivergence, conversion and collection are zero, and at each height
, 5 -

the cloud amount equals the amount of condensation in air lifted from =

dz. - ‘(9) |
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. Fig, 1. Vertical profiles of oloudua.hd. precipitation.
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CASES q & 5
.o

| km

\ vz--o 67m/sec
\
‘ "

\ |
*"\T‘;y|=-|m/sec | B ) G=I“O"'3 km

286\ ST " R o

v L
I M, o .\ ” . » l
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e A ) V,=-0.67m/sec |
»(_V,--Sm/sac o e : |
. 0/. -__-3“33m/sec ' L - ) s B " ‘ ne

© __Height

1 km

. W T ”7;;G’=72’“ X'Qrgf-zx”'ngfz”’ ' ) "'7’?*‘"’" - 77’

Heighi

. " & ‘ - |
S A/V‘--Gm/sec B T B |
' 1- Vy=-im/sec o
- . E ’ ) M2 '

vz--o 67m/sec |

OV L Yg‘= -3.33"\)!06 -1y | , . ' l ” - . ,,.“._. .
o [ 2 . 3
Condensed Water Conteni gm/m“’

Fig, 2. Vertical prof!les of precipltation and cloud,”
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the surface. These conditions with V .= constant co‘mpri‘se case 4;

the same with a five fold increase in falling speed et the level of

nondivergence is case 5. The V-~ discontmuity in ca.se 5 resembles

". that accompanying the meltmg of snow. This model distrlbution

is the condition of maximum precipitation rate at the updraft base i
. for specified fall speed and maximum updraft Above the level of 7 :
= nondivergence, no cloud exists 80 none is lost by horizontal diver—-' s
_gence; below the level of nondivergence, cloud condenae\l ovex a 7
.wide area is swept toward the updraft center, where it is collected
by precipitation at the level of nondivergence a.nd borne to the

ground. Since precipitation cannot exceed condensation over & great
‘region, excessive precipitation at the  updraft « center is accompanied

by a balancing defleit away from the center. The one- dimensional

cases imply the major features of two~ and three~dimensional models .

required to-satisfy conservetion prineiples.

’I‘he eomputationo'f' M-profiles in cases 4and 5 tnvolves some special
considerations. From z = Hto the level of nondivergence M is given by an
equation like (9) Fromz =,0 to the level of nondivergenoe. m is given by k
Eq. (8). At the level of nondivergence, precipitation M falling at velocity V + w

col—leet;sr—allrof the cloud mr rising at speed'w. Because conditions are stea_dyT

the value of M below the level of nondivergence ia defined by eqné.ting the trans-

port of M + m 1mmediately below the leve) of nondivergence to the transport of

M above that ievel 1.e., L S S

(mw)below * [M(V + W)]below = MV + w)] above o (10)

The updraft w has the same value immediiitel v above and below the levei of non- ‘
divergence

- Equation (10) has been a.pplied to dei)ermination of the discontinuous M- profiles

- showh in Fig. 2, where the upper diagram pertains to constant G, cases 4a and aa,

" and the iower to a linear distribution of G,,{cases 4bh and 5h. Four profiles are

’: yl
., . . | .
{' » .- B ,i"v ‘. L0 . . E!
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Top of Updroft Column

.« Level of No
Horlzonml Divergence

Gl

Base of Updraft Column

muu|uunl\lllWHHﬂIWNWm”m

Fig. 3. Schematic illustration of Cases 3 and 4, discussed in the text and listed in
Tables 3a, b and 44, b,” Horizontal divergence in the high atmosphere accompanies
rising air motion and spreads preeipitation packets horizontally as they descend in the
shaded area marked DD, The packets are contracted again by horizontal convergence
in the lower atmosphere, Precipitation at the ground in the section marked B is due
to condensation in a volume larger by the extent of horizontal-shading than the unshaded
cross section ‘vertically overhead. When condensate augments precipitation at the
“fevel of nondivergence but hot below that height, the region contributing to preoipitation

at B is further ir{ reased by the area of vertical shading nmarked A in the figure. Cloud
in area A is‘swept inward and upward by horizontal convergence and ascends to the

-level of nondivergence, where it is.collected by precijﬁ@iii@ia:nd ultimately deposited
at the ground in Section B,

11




‘when each of these fall speeds increases by a factor of five at the level of non-

i
given in each diagram: two pertain to the‘_cases: in which V has constant values =
oi -1 m/sec and -0.67 m/sec; the other two show the M-distribution that exists
divergence Such a discOntinuous change of V approximatesi the fall-speed
changes that commonly occur at the melting level. ‘

The profiles shown in Figs. 1 and 2 can be scaled to any distribution of

atmospheric parameters that differ by constant factors from those used here.

" For new scale height?/ new generating functions’, new vertical air speed }/
. and new fall speed )/ 7,‘/ V/w . the new solutions denoted b}%are given

i/l i

~ excess that characterizes centers of naturai precipitation. since fall speeds in

- Note that Table 1 lists ,values of w and [wG dz, whick are the’ same for all the .

'nature are usually much larger than updra.fts. The mechanism respcnsible for

the very high precipitation rates of case 418 schematicallyrillustrated in Fig, 3. o

.getions. The steady distribution of cloud established in an air coluntn after,

Principal features of the profiles in Figs 1 s.nd 2 are listed in Tables 1

through 5, which are numbered to correspond to cage numbers of the figures.

other tables.* Note that the surface precipitation rate exceeds the vertical )
integral of the condensation/mate in practically all cases, and 18 more than five
times the condenaation term in the slow-fall-speed exampla of cage 4b. Caaes

3 and 4 considerably exaggerate -the probable mag'nitude of the precipitation "

increases during descent. This is discussed in some detaii in [ 71-

1.3 Steady-state Vertical Distribution of Cloud in 8 Precipitstion-free
Comgressible Atmosgher .

" The maximum possibie cloud density at various atmospheric ievels is a

..

paremeter of some importance to considerations of precipitation -cloud inter-

ascent has continued for a very long time withouf fallout of QOndensationproducts

l Co S . = "
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alSo represents at each height the wate;' content associated with ascent from
the condensation level with retention of all cloud. The steady profile for a
given condensation level thus represents the maximum attainable cloud content
at each height for that condensation level. o

In the steady state without cloud conversion of- horizontal advection,

Eq, (2).,becomes _

i
i

QE”_ B oo J T an
w 9y ~ MW Bz waG =0 - o o (10 ‘

or .. . ; " . A ’ "
Bz -m Bz =G - , - (12)

Since A does not appear in Eg. (12) the solution, as expected, ig independent of the

shape of the updraft distribution. We assume G = A + Bz, and take -8lnp =

o » - oLl Y& ;,,,_
-a constant. " These are re_asqnable applfoximations to the real atmosphere. Theti
" thé solution of ‘Eq..(12) is ] h ’

"m.f-‘.elf(fz — ?[m = (A+Bz +E”"’K (A+Bz+—) (18)

0

.In the tropical a.tmosphere A=3X 10 gm/m , B ~-3X 10 gm/m and

K & "-10'“1= m-l; substitution. pf these values in Eq. (13) yields:

107 ‘z - 2) [m - 80 +3X107° ¢ ]+[eo-3x1o 841.
e T e

The units of m are gm meter when 2 {8 given in meters.

m=e

The location of maxima of m are also of importance. Set- %-z- = 0 in Eq. (12) -
,u'and integrate, and substitute for G and %;”2 as noted above. -The height z where

m is & maximum- is the solution of Eq. (15)

"

.30

,e1o (z‘ - _
60 - 3X 10 'z

0" % -

(15)
o
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,,-,’/’{/Solutions represented by Egs. (14) and (15) are plotted in Fig. 4. The
heiglht along each m- curve where %% = 0, the compensation level, is for
) 5]
each condensation level Z, the height where m 8lmp -G, i.e., where the

tendency. of the generating function to increase thzzdensity of condensate is .
exactly compensated by the decreasing density of ascending air Above this
level of compensation, cloud density decreases with ascént and increases
with descent, ’ H

The gencrating function in this model is zero at and ahnve 10 Km.

: nbove 10 Km, therefore, the curves of Fig "4 can be &3 tended by use of the

relationship

S 4 |
© m(z) = m(10 Km) 910 (107 - 2) (16)

" which is similar to that for the other atmospheric conatituents not bound by the o

particular laws applicable to water substance.
This analysis may expiain some of the vagaries of the association of high

cloudinees with vertical air currents. When vertical currents carry an amount -~

. of cloid above the level of compensation for that cloud densii;y, the cloud must be
“ very persistent. Further ascent thins but does not dies1pate it, while descent

thickens it. Aacent increases the size of indivldual particles of condeneate, but

this 1s more than offset by their movement apart. ’I‘he converse holds for deq,cent

: "of cloud hetween levels above the height of compensation, High level horizontal

convergence and descending motion of a cloud layer isolated at levels above the

height of compensation by effects of wind shear, could be assooiated with increas- ~

- ing cloud deg -and density mstcad of the opposite 80 often assumed -Of course;

Fig. 4 is inadequate for evaluating the probable importance of this effect in the
real atmosphere, since the mod’el ge’ner‘ating”function is only a rough. approxima-

tion to the real one at the higher le'v ‘ Furthermore, the cloud water content is

-in nature not controlled by the generatmg function and air density gradient alone,

but by these with the depleting effects of preclpitation. Observations show that

14

—

. -
o

-




. Bﬂ A=osp Hmnnmnom.nm e MOToI

D] ¢ 9A0QEB SOAIND 9} JO SUBISUSIXT -toryom wﬁmﬂ [m sasesxoop Kisusp @E:o YOIYM JAOGE JUNOTIE PROD puE 9431
O[ESUSPUOD YIES IO} WYIIPY Y} Seuyep ul]-13rens Surdors oqy, "STXR [EON-ISA 3U3 HPIM SIAIND Iy JO $3de0IS3UT oW ‘S[Ras]
UOIJESUSPUOD SNOLIZA WO UOTJRULIOf, ncﬁﬁ&ﬁm.& uzoﬁ.s POy XTE Ru&ob ur h.:vnw@ v:eﬂo mﬁﬁﬁoﬁr@ i 1

gw/wb" juajuo) ::ES PO »ucowm |

ol vl 2l o°° 8 ‘9. -y g 0,
. L -1 T 1 T . 1
Z,01XE-¢ OIXE=9 |
asadsoutyy 2jqIsSeidwooY| —_— |
Q
>
-
- {8As] 08g =37 9 3
X - ; wyH=27f . m~
— UOHOSUIdUIO) JO [DAD ¥ i v 1.
D 4O [9A8"] . wnostgf 3
pg=97
] ._ v { | O_ -

15




_the values of Fig. 4 are much larger than usually oceur. Therefore the effect
of compressibility, which is proportional to m, must really be of less con-

- sequence than Fig. 4 implies. During the next quarter, a model generating
function which more accurately represents the real tfopical atmosphere,
especlally at high levels where G is very small bt has great consequence for

cirrus cloudlness, will be applied to an extension of this study.

1.4 Example’ COJuter Solution of a One~ dimensional Case W1th Cloud Conversion
. and Accretion _ .

Quarterly Progress Report No. 1 of this contract discuéses how the orie-

_dimensional forms of Eqs. (1) and (2) for an iricompressible atmosphere have

been programmed for solution by digital computer.* During the past quarter,
. this program was used to compute the time-dependent vertical distributions of
precipitation and cloud in an initially saturated atmosphére. The interaction. -

terms in'Eqgs. (1) and (2) which are of importance here are

R & " b /- + Kl(m‘ a)gmm ‘sec o o (17)
and B -, ' ’ _ S
"'d;‘f"or - % = 6196 X 10'4 Eng 0125 1875 gm m el (18)

Eq. (17) refers to autoconversion of cloud to precipitatton. Equation (18) refers
to the collection of cloud by precipitatmn ’

" Also, in Eq. (z), the fall speed V 18 taken as the fall speed V of the median..‘
volume diameter D.: ' '

o | .
V=V, =- A'as.c n, . 125 0128 m-sec N, S 9)

*Although the discussion of Section 1.3 of this report demonsgtrates that the
" "~ atmosphere's vertical variation of density may be an important factor for the cloud
’ density at high altitudes, omission of the air density term is justified in the machine
computations discussed here for two reasons: First, the effect of compressibility,
proportiondl to cloud content, i small in these cages because the cloud content is
. depleted by precipitation to rather low values. Second, omission of the compressi~
“bility term provides more direct understanding of the role of the others. It is
desirable to start with a simple model and to introduce refinements progrcsswcly

16 .
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The use of the cloud conversion term in Eq. (1718 not clearl& supported
or refuted by the liter:iture, but seems necessary if a greater number of basic
equations is to be avoided. Squires and Twomey [18], for example, suggest
that important variations in cloud droplet concentrations and colloidal stability
may occur as a result of variations of cloud nuclei content. In our initial
selection of.the value a2 = 0.5 gm m ~, we have been guided by the literature"
that describes cloud water observations up to about 1 gm where precipitation
was not previously or subsequently observed [1, 15, 17]. The first choice. 6f
= 10 insures that substantial precipitation exists m the cloud 20

1
minutes after the cloud water content exceeds 0.5 gm/ m The magmtude of K

applicable in nature requires further clarification by reference to. theoretical !
studies such as [12] . . . : . R

The derivation of Eq, (19) is discussed in Report No. 1. This’ equation
defines the fall speed of the median-volumie precipitation particle in the
exponential number distribution comprising water content M and contai-ning

number n. per unit size range of zero-diameter particles. It is a little crude

0
to agsume as done here that the vertical flux is given by approximating the

termina.l fall. speed of all the precipitation particles by the fall speed-of the

. median particle This has been shown by plotting the equation

8
-3.75 D/D ,.
= M(i”o(D . S - 20

which relates the normalized mass distribution of partioies in the Marsha.ll-
Palmer distribution to.size b Slightly more than 80% of the water content of
the exponentia.l distribution is represented by drop diameters D such that

4D0 <D<1. GDO. i.e., a factor 4 in drop diameters. Sinoe fall speed is propor-
tional to the square root of drop diameter, there is a two fold variation of fall
speed among the particle sizes which comprise 80% of the water content centered

about D . In other words, fall speeds of 80% of-the water content are in the’

fty
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Precipitation Water Distributions
G=4%10"3-6.87%10"7 2
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1Heﬁgh§: 10%m
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n
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N
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| R P ! |
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48+ @ . o . -
. Clqud“ Water Distributions
E . 6=4x10"3-6.67x10"72
s 24T |
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d
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! Water Content g/m3,

o Pg. 54, Vertical distributions of precipitation content at 1000 2000 and .5000
seconds in the model defined by Takble 6. i

Fig, 6b. Vertical distribuuons of cloud content at 1000 2000 and 3000 gocom!
“in the model defined by Table 6.
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Distribution in height and time of significant space maxima in the cloud-

., breelpitation model defined by Table ¢, Note that the precipitation ma\nnum increases

) ns 11, descends: the cloud maximum decreases as it ascentia. After the updra.ft ccasos
al 2000 seconds, the surface precipitation rate decline§ rapidly but the ¢loud alot
relatively persistent, i
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The figures show, that the cloud water content first attafins the value 0.5

grn/.'rn3 required for initial precipifation development, in the lower atmosphere

alightly above the level where WG is a maximum. Once precipitation forms, it

increases rapidly by collecting cloud. At early times, both cloud and precipita-

tion have their maxima at the same height; cloud conversion and accretion pro-

i

ceed most rapidly at that height. The cloud collection process is responsible

for the marked depletion of cloud in the 1ower atmosphere, for the steady down- - °

ward shift of the precipitation maximum and the upward displacement of. the X
cloud maximum. Note in F1g. 6 that the precipitation maximum progresses
toward the surface at a rate of about 2 m/sec although the fall speed V is’

typically 6 m/sec. The difference 15 important for the interpretation of radar i

,observations. The radar reﬂectivity defined by this model ha.s maxima and -

minima at the same places a: M.

The solution of this problem shown in Fig. 7 ehould be compared to the

~ case shown 88 Fig 1in Report No. 1 of this contract The parameter values

~ in the two cases are identical except for the dist_ribntion.of G, a lingar function

of height in the present model and a eonstant in the former. The average value

of G is the same in the two cases. Notice the aimilarity of the curves in Fig 1

- of Report No. 1 and- Fig. 7 of this report. It is perhaps surprising that the

" golutions are not’ more affected by such a great change of the distribution of

}"the gener ating function.

"Note that the solutions are characterized by an initial pulse of precipita-

('.1011 and cloud content, then their decline to lesser values. The pulee is due to .~

the. choices of a = 0.5 gm/m and K = .001 sec 1, values which with the

other parameters, lead to considerably higher cloud contents than can exist in

equilibrium with generation and acoretion processes. The cloud distribution .

after precipitation is initiated can hardly resemble the cloud distribution before. )

The onset of precipitation ‘marks an alteration of the interplay of processes

22
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affecting cloud distributions which must persist until the circulation ceases
and all precipitation has fallen from the cloud.
Note in Fig..6 that precipitation spreads to levels above 4,800 meters

where the cloud water content never reaches the value a = 0. 5, Such spread

of precipitation is an inherent feature of the finite difference computations.

The precipitation content at any height z at time t+ At is the mean of the

~values at z + Az and z - Az at time t, plus the changes due to advection- _

-and interaction processes computed for the time interval At. This computatmnal

method is necessary to guarantee that the answers are both computatmna.lly ’

stable and better approximate the true sclution to the differential equations as

At and Az become smaller.* The effects of averaging appear partly as a very )
- slow depletion of cloud by precipitation even above levels where the spontaneous _ LD

" conversion of cloud to precipitation is active and even when V_ is' markedly

0
‘greater than' maXimum updrafts. This manifestation probably has a natural

a.nalogue. since in any precipitation. however intense, there must exist some . - l
‘ drops whose fall Speeds are less than the updrafts, and which are carried upward
with the updrafts. .

1.5 Relationship of Prect Jitation Rate to the Updraft Intensity snd to the Rate
of Cloud Conversion

LTI The. parameter values in Table 7"have been used to test the effect of B T

variations of updraft strength and rate of cloud eonversion on the distributions

-of oloud and precipitation.

~ #Tests have shown how the solutions vary with choioe of Az and At- In the K
" problem discussed here, a typical cloud or precipitation value at a given time =
* {s shifted 3% for a change of ‘8pace diseretization fromr 300 to 150 meters; 3%
more for a change from 15D to 60 meters, but just 1% additional for a Shift of-
Az from 60 to 30 meters (200 steps). The use of 100 space steps seems a
suitable oompromisc between aocuracy and economy. E :

W



TABLE 7*
PARAMETER VALUES FOR STUDY OF EFFECTS
OF UPDRAFT STRENGTH AND RATE OF CLOUD CONVERSION
ON VERTICAL DISTRIBUTION OF PRECIPITATION AND CLOUD,

Casea) w 0.5 m/sec

ax
Case b) W oax 0.5 m/sec

Cagec) Ww 0.5 m/sec

ax

o

2.0 m/sec

Cases dande) w X 1

*Parameters not identified here have been agsigned the values given in

Table 6 in Section 1.4 of this report.

_The surface precipitation rates given by these models are depicted in
Figs: 8 and 9. Figure 8 shows tha'c the onset time of precipitation increases
about 10 minutes for a decrease of K_ by four orders of magnitude the peak

1
rate of rainf4ll increases only shghtly for this enormous change of K, This

type of finding- may have some implications for cloud seeding efforts ;ut

should not be oonsidered definitive at this stage of the work The result seems

astonishing when 6ne considers Eq. (17) alone. With Kl = 10 , about..0l of.

- the cloud water in excess of the amount a spontaneously beoomes precipitation

after 1000 eecs,T yet appreciable precipitation at the ground occurs in this
T niodel only 600 seconds later than i1 the case ‘where spontaneous conversion
of cloud water {8 10,000 times faster. This result testifies to the eifectiveness
of acoretion, Eq. (18), even, when the amount of precipitation is very small

This result should nol he considered indlcative of unimportanoe of the

rate of cloud oonversion in natural processes. Since a noq,llnear rela.tion between
cloud conversion and collection governs the early ra’ce of preoipitation increase,

substant1al charniges are probably associated with variations of K when E and

TThe amount of e¢loud water in this model which becomes precipitation in 1000 .
seconds by virtue of spontaneous cloud conversion alone is abjout ,006 gm/m
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n, lie within particular ranges. ‘The Egs. (17) and" (18) can be combined to form
a pair df differential equations with a straight-forward analytic solution which
clearly illuminates the role of the eguations' coefficients in precipitation initia-
tion. These solutions are now being examined and will be discussed in the next
- report. Other theoretical work in precipitation physics [13, for,example],
", 18 also being studied in order to derive estimates of Kl By and E which best . N v
model natural conditions. The variation of collection effieiency with size of X f S
precipitation particles affects hoth the constant coefficient and the exponent of
M in Eq. (18). : .
) At least one other property of the solutions shown in Fig. 8 is worthy of
) note. At 4000 seconds, the. precipitation rates at the ground (and the distribution : o
_ of cloud and precipitation aloft) are almost exactly the same in the-three cases. ”
"However, the precipitation acoumulated by 4000 seconds is 11, 96 mm when
-1

= 107! gec™? and declines to just 10,08 mm when K, = 10° %sec™l. Tne

is associated with longer initial duration of large amounts '

B sriialler value of K1
: ‘of cloud 1n the upper atmosphere where it is removed by horizontal divergence
of the wind. . \
Flgure 9 shows the precipitation rate at the ground in three cases of

Table 7.- Case b in Fig. 9 1s the same as Case b in Fig, 8, The value of K

in Case d is the same as in b, but the “maximum updrafts in-Case-d are 2m/sec R X -
. L and stop a.fter 500 sec. Thus the amount of condensate produced in 2000 geconds .
- '_ " {n Case b equals that produced in 500 seconds in Case d. This amount on & level
' " surfacé would have a depth of 8 mm. Now consider the precipitation totals -
received at the ground in two cases. By 2000 seconds, Case d produces 5.3 mm.
' of precipitation at the surface; about .2 mm more falls after. 2000 seconds for 3
total of 5.5 mm. Case b, on the other hand, produces oﬂly 3.5 mm of precipita- K
tion by 2000 seconds, but 2.5 mm falls after that time when the updrafts stop, .’
s for'a total of‘6.0 mm. Neither case produces as much as is condenssd, sinoe

P ' some condensate still remains as cloud aloft when computations are terminated, ;

"




and some condensate is lost by divergence at high levels during the time period
before precipitation starts. » ‘ )
_ The greater efficiency of Case b than Case d can be understood in terms
of the discussion given in connection with Eq. (7), Section 1. 1. First, the low
level convergence which acts to increase precipitation at updra.t‘t cores at the
expense of gmounts away from the core, is effective only if the precipitati‘on .
descends through updrafts. In Case d, the updrafts atop before appreciable o
precipitation reaches the ground Second ‘in the strong updiaft case, cloud ie
lifted ‘higher before it changes to precipitation, therefore a greater amount of

cloud 18 removed from the updraft core by divergence in Case d than.in Case b,

" To the extent that cloud is carried to greater heights by stronger updrafts -and

more spread out there by accompanying strong horizontal diverg‘ence, instead
of desoending to the ground as precipitation in the saturated updrafts,. the
stronger updraft cases are less efficient producers of precipita.tion than are the .

weak_updraft models. Accurate evaluation of these effects will be posaible when

" two- and three-dimensional models-are p’rograin‘med for thev-computer.

In Case e; 2 m/sec updrafts continue to 3000 secs. Note that the’ stea.dy
precipitation rate in this case is somewhat more than four times greater than
the precipitation rate in Case b. -That the steady precipitation rate. is not exactly
proportional to the updraft intensity is related to variations with updraft strength
‘of the shape of the vertical distributions of cloud and precipitation and to changes |
of the proportional ‘contribution of the divergence term in Eq. (7) !
Itis particularly worthy: of note in these solutiohs, as in others not repro-
duced here, that the 4 ansient effects manifested in the surface precipitetion
rates by the simulatzfz cloud physice procesges are rather small. The surface
precipitation rate is mightily dependent on the updrafts, hOWeveI‘. Part of our

v task during the next interval will be to learn if there are parameter ccmbinations ‘

- which produce larger oscillations or other transient effects with steady updrafte

than the weak variations computed thus far. ’
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1.6 __Comment on Mathematical Bacljg_ound

The mathematical background of the equations employed in this study

-has been 1nvestigated starting with the one-dimensional cloud-free model
" where the fall speed of condensate is constant [7, 8]. The existence-and
- uniqueness of the solutions presented and discussed in the referencea from

a physical standpoint is rigorously demonstrated below. =~ = ' ;

The one-dimensional cloud-free equation i8 - . o / .
,/f
M ewew Baya ~ Y
ih which V 18" constant‘ ‘ . o , /
we=oaH-2) S @2) )

~and G is a differentiable function of z alone. Equation (21) {s to be solved in

thestrip )
8: 0 sz <sH, 0st<c+m

-~ subject to.the donditiond

M(z,0) = 0

; (23)

v M(H. t) - 0 ‘ S
and : : . '

v + w < |0 “ 1) ' ' ' " (24)

" The physical meanln of Eq. (24) is that updrafts are everywhere less than the .«
. precipitatfon famng eed. The problem #s posed has a continuous unique

solution, proved aa f 116‘ws The characteristic equations of (1) are.

ds 1,.’ ds V+w', - ds wa ‘ L . (25)

Through each point.of the irterval

t=o,-05st"M-o. | o | 28)

will pass a unique continuous solution of Eq. (25) subject to the initial conditions
t=M=0 .
z-j=z6~ 0 s"vZOSH)_.

29
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and through each point of the half-line ‘

| z=H  0=t<4+m, M=0 (28)

wili_nass a unique solntion subject to the initial conditions -
z=H M=0

t-t' R (Ost

0 0
The uniqueness and existence of the solutions follow from standard existence

< + ),

theorms [5] since the right sides of Eq. (25) are continuous and Lipschitzian.
Inthet ~ z plane, the characteristic base curves for Eq. (21) are
determined from ‘ ’

dz
dt

together with proper initial"_conditions_i These base curves cover the strip 8
 in the senge that through each point i1 the strip nasses one ,;_t‘n‘dhnly oné base -
curve Each of these curves ‘ntersects one or the other, but not both, of the
lintervals (26) and (28) in.one and only one point, These facts follow from
Eqg. (24) and the Lipschitzia,n character of V + w. With each point on a base
curve in the strip S there is associated a unique valus of M determined from
(25) with the proper initiai point. The M associated in this manner'with each
”'point in the strip S determines a unique continuous solution of (21) which
. satisfies (23) a8, follows from the standard. theory of linear partial differential
equations in two independent variables [3] 7 )
S ‘The, thethod of solutiori 18 summarized a_s’ follows. ‘Toydeterminej,t,he’f,“: ’
value of M at the point (z ) in the strip 8, solve ”{30)'t’o determine the
1) Call this curve Cl
Find the point of mtersection of C with either (26) or (28) as the case may be. ;

characteristic base curve which goes through (z

Call this point (zo 0). Determine M from (25} by solving for M as a funetion -

of z from

o
it

dM wG
dz: V+w

W1l.h M(zo) = 0, and setting

30.

{29)

»——V+w S © o +(80)

. (31)

#




One should notice that the characteristic base curve whiéh goes through
the point t = 0, & = H divides the strip 8 into two regions: one to the right
(t increasing) and one to ;.‘he left (t decreasing) of the base curve. For points
in the strip which le to the right of this curve, the value of z, of the above:
paragraph is always H and the solution of (31) i3 independent of t. That is,
the solution of (21) under conditions (23) and (24) in the strip S attains a steady
state for which BM/at 0 for & fixed. '
"An 1nteresting varia.tion of the problem considered above is defined by

conditions . ‘
V+'-'w<0', '0-sz<-h1-‘ h2__<st"
V+ws=0 zeh, b “ o .(82)
V+w>“-0 h1<z«h2 '

The conditiona (32) mean that the maximum updraft exceeds the precipitation
fall speed. Application of the previous reasoning to each of the three strips
in the t -2 plane determined by (32) for t = 0 leads to the conclusion that
there exists a unique continuous solution of @lfor0 sz = H, t =0, whlch
satisfies (23) under corditions (32) Consideration of the ohare.oteristic base
curves of (21) for this ptoblem shows that for any fixed z » h there 18 &

~ time beyond which the solution 18 steady. Eo:: anyz > h2, thare is no steadyj-

state solution.’ This case is discussed from a physical point of view in [8].

The question of existence and uniquenes's f;rr ;che qu'ésir-linear hyperbolic
syste‘m describing clouds ga.rid raih cannot be answered at presént.' tisa.
reasonable conjecturs that a unique continﬁously differentiable ‘solution’does , ‘
not exist for conditions of M, Im =0 initially. R. Courant [2] has rec,;antfy '
established the existence of contihuously differentiable solution for the

hyperbolic system, u, + A(x,t, u) u, + B(x,t,u) = 0, with {nitlal data

t
u(x, 0) = ¥(x) on some interval of the x~ axis. His method of proof requlres

that A(x,t, u) ahd B(x,t u) be continuously differentiable 1n the domain of
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X, t, u under consideration. Our problem fails to sa.tisfy this condition.

Since Courant's proof follows from the weakest hypotheses deemed
reasonable for success in solving the problem, it is felt that a unique
solution for the equations of clouds and rain must perforce be a generalized
solution which allows discontinuities in the derivatives of the solution vector.
We believe that a solution of this type might be esta_blished along the lines
followed by Kuznecov and Rozdestvenskii [10]. However, due to the rather
abstra,et and purely mathematical nature of this problem it is felt that no .
further effort should be devoted to it on this contract.

- The incomplete theory of the techniques used in this investigation is not
satisfying to a mathematician. However, this fact is not cause for rejection of
‘the results of the- computations The physmal reasoning underlying the
mathematical formulation of this problem and the numerical results of these
and similar calculations of others (e.g., P. D. Lax [3]).imply strong credibility
for the results. The semi -empirical approach used here is typical in the
development of new methods. As R. D. Richtmyer [4] has sald, '... if we were
to walit for oonvergenoe proofs and error estimates for the new methods, most
of the computers now in use in technology and industry would 'oome grinding to.
a halt.” '

1.7 The Difference Between the Horlzontal Speed of Raindrops and the
Horizontal Wind Speed.

The precip1tat1on—cloud models discussed in this report are based in’
part on the assumption that the horizontal speed of condensate is the same as the'
horizontal speed of the air. The validxty of this assumption must decrease with
* increasing size of precipitation particles; a fair test of this assumption is there-
fore given by emmlnation of an equation of motion for a large raindrop.
The horizontal resisting force on a spherical raindrop is given by
C.R

) De
‘ fr = Grur(u - v)h 24

(83) |,




drop.

where p is the viscosity of air, r is the radius of the drop, u is the horizontal

velocity of the air, v is the horizontal velocity of the drop, €_ is the drag

D
coefficient, and R, is the Reynold's number [6, p. 121]. Consider a drop
falling at terminal speed through a layer of vertical shear of the horizontal

wind. The drop is acoslerating horizontally due to the force associated with

a difference between its horizontal velocity and the horizontal air motion,

This force given by Eq. (33) is equal to the mass of the drop times its

- horizontal acceleration, l.e.,

C.R
. ) 47 -3 d .
6rpr (u = v) ,—'—24e = f_r o —d%’ (34) .

“where p is the density of wafer.‘ Consider a drop of radius 0.24 ecm. The

"quantity’ CDRe/zfi = 77andp ® 1.8 X 10—4 gm cm"'1 sec-l. Substitute these

valtes in (34) to obtain

& = 109 (a - . o (35)

~ Nothing of 1ﬁportmc9 to this 'developméxit 1s lost by considering the case where

the shear is uniform and the difference between the horizontal wind speed and

drop speed is constanf. The drop's falling speed, about 907 em s;ev:-1 and the

" shear Su/8z = B determines du/dt, the time rate of change of u (and v) at the

a-:Tt.:?té;:gmB' - ‘ . (36)_

Substitute for dv/dt in (35) from (36) to get

_ 7B
1.09

When B is 0.02 .enec-1 (20 m/sec km', 8 very ‘l.arge value), u - v is only 16.84
: ) |

= (87)
cm/sec, less than 1% of representative horizontal wind ‘speeds.

So long as u - v is small compared with the.terminal fall speeds, the

method employed here yields an accurate measure of u - v. The generalization

_to variable shear and variable u - v is obvious but of little practical interest '
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to thé work of the contract since u - v is 80 small. The work of Das [4,
Table 1 and a.pp.] , brought to our attention after that above had been com-

pleted, leads by a different path to the same conclusion..
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CONCLUSION;

. The basic formulation, Egs. (1), aud (2), iga valuable tool for investiga-
“tion of the macroseopic effects of cloud plmics processes and of fundamental
‘properties of assoclations between wind and condensate. distributionq. Bolu-
tion; indicate. much about the extent of cdntrol ’exerciséd by the cloud physfou,,
processss on the shapes of -cloud and precipmltion distributions and oft,

' praaipitation intensity.
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3.0 PROGRAM FOR NEXT INTERVAL ‘
The investigative program during the next interval should include study

in the following areas, not all of which will be concluded.

1. Accufate determination of the profile of saturation wate‘r vapor
density in the tropical atmosphere, especially at high levels, and examination
of the implications of this distribution for the persistence of high cloud
(Section 1.3). o

2. Study of literotgre pertinent to selection of cloud conve"rsﬂion co-

efficients and collection efficlencies representative of the real atmosphgg__e i

-(Sections 1.4 and 1.5).

3. Examina"t“ion”of the simultansous analytic solutions of equations )
modeling the time depentence of m and M in the presence of cloud conversion
and accretion processes, and analysis of the role of cloud conversion and

accretion coefficients in shaping precipitation development (Section 1.8).

4. Evaluation of the roles of the shape of the distribution of precipitation'

particles and of the critical cloud water content for the intensity and time
dependence of surface ﬁrecipitation and vertical profiles of precipitation and
'cloud ' This work will proceed by examination of the computer solutions for
selected combinations of n, and a (Section 1.6).

5. Preparation of a computer program for two dimensional and radially

symmetric models with provisions for computation of cloud precipitation, and

' vapor budgefa within the atmospheric volume. o T 0
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4,0 IDENTIFICATION OF PERSONNEL
4.1 Extent of Participation

. : Tbtgl hours worked
Name Title during the quarter

N ‘ i . - (approximate)

E. Kessler Principal Investigator | “ 160

P.J. Feterts ~  Research Sotentist (Metacrologist) . 330

| E. A, Newburg o ,Research Scientist (Mathematioian) : 136 -

é. P. Robson " Research A'ssdoiat_e (Programtnet). 3 ‘
Q. Wickhami Resenrch Associate (Programmer) . " 130 '

b, Duohow - Benior Relgarch Aide .. _ .70

Secretarlal, admimstrative, and drsfting aasistance wu also provided
Mr, Feteris joined the project on August 8, 1962,

4.2 Blggrggm Pleter J. Feteris

~ Mr. Feteris 15 a research Sclentist in the. Atmospheric Physics Division

of The Travelers Research Center, Inc. He is taking part in the analysis and
.development of cloud and precipitation models and 18 also angaged in a
statistical study to relate the statistioal properties of radar patterns to pattem

. predictability.

From 1957 to. 1962 he was Junior Soiantific Officer at the. Royal Nethexlandb }
Meteorological Inst;tqte. where he made weather analyaes and 13;ue.d sh_ipping '
forecasts. 1 h | | _ L

. Mr. Feteris attended Leiden Univ"erﬂty and the Imperial College. at Lon&on ’
and he received hig M8.in Mete'orology"ffom The University of London in 1956..
_He s ulso a foreign member of the Royal Meteorolq‘gicdl Society.

4
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surface by transient disturbances in a saturated model atmosphere
decreases with increasing speed of the updraft. Paths for further
study of the role of cloud conversion and cloud collcetion processes
for the initiation of precipitation arc indicated. The difference
oectween the horizontal speed of raindrops and the horizontal wind
speed is almost always less than 1% of representative horizontal
winds.

surface by transient disturbances in & saturated model atmosphere
decreases with increasing speed of the updraft. Patha for further
study of the role of cloud conversion and cloud collection proceases
for the initiation of precipitation are indicated. The difference
between the horizoutal speed of raindrops and the horizootal wind
speed is almost always less than 1% of representative horizootal
winds.

surface by transient disturbances {n a saturated model atmosphere
decreases with Increasing speed of the updraft. Paths for further
study of the role of cloud conversion and cloud collection processes
for the inftiation of precipitation are indicated. The difference
between the horizontal speed of raindrops and the borizontal wind
speed 15 almost always less than 1% of representative horizontal
winds.

surface by transient disturbances in a saturated model astmosphere
decreases with increasing speed of the updraft. Paths for further
study of the role of cloud coaversion and cloud collaction processes
for the initiation of precipitation are indicated. The difference
between the horizontal speed of raindrops and the borizoutal wind
speed is almost always less than 1% of representative horizontal
winds.
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surface by transicnt disturbances fn a saturated model atmosphere
decreases with increasing speed of the updraft. Paths for further
study of the role of cloud conversion and cloud collection processes
for the Initiation of precipitation are indicated. The difference
betwcen the horizontal speed of raindrops and the horizontal wind
speed is almost always less than 1% of representative horizontal
winds.
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surface by transient disturbances in a saturated model atmosphere
decreases with increasing speed of the updraft. Paths for further
study of the role of cloud conversion and cloud collection processes
for the fnitiation of precipitation are indicated. The difference
between the horizontal speed of raindrops and the horizontal wind
specd is almost always less than 1% of representative horizoutal
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